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3.3 Optimal Decoder
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Searching for the Optimal Detector

[DMC_decoder_ALL_demo.m]
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[Ex. 3.32]
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% Channel Input
S_X = [0 1]; S_Y = [1 2 3];
%p_X = [0.6 0.4];
p_X = [0.2 0.8];
% Channel Characteristics
Q = [0.5 0.2 0.3; 0.3 0.4 0.3];

%% Construct all possible "reasonable" decoders
Decoder_Table_ALL = S_X';
for k = 2:length(S_Y);

l = size(Decoder_Table_ALL,1);
t = [];
for i = 1:length(S_X)

t = [t; [S_X(i)*ones(l,1) Decoder_Table_ALL]];
end
Decoder_Table_ALL = t;

end

Searching for the Optimal Detector

[DMC_decoder_ALL_demo.m]

[Ex. 3.32]
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%% Calculate the error probability for each of the decoder 
PE_ALL = [];
for k = 1:size(Decoder_Table_ALL,1)

Decoder_Table = Decoder_Table_ALL(k,:);
PC = 0;
for k = 1:length(S_X)

I = (Decoder_Table == S_X(k));
Q_row = Q(k,:);
PC = PC + p_X(k)*sum(Q_row(I));

end
PE_theretical = 1-PC;
PE_ALL = [PE_ALL; PE_theretical];

end

%% Display the results
[Decoder_Table_ALL PE_ALL]

%% Find the optimal detectors
Min_PE = min(PE_ALL)
I = [abs(PE_ALL-Min_PE)<1e-10];
Optimal_Detector = Decoder_Table_ALL(I,:)

Searching for the Optimal Detector

[DMC_decoder_ALL_demo.m]

[Ex. 3.32]



Searching for the Optimal Detector
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>> DMC_decoder_ALL_demo
ans =

0         0         0    0.8000
0         0         1    0.6200
0         1         0    0.5200
0         1         1    0.3400
1         0         0    0.6600
1         0         1    0.4800
1         1         0    0.3800
1         1         1    0.2000

Min_PE =
0.2000

Optimal_Detector =
1     1     1

𝑥 1 𝑥 2 𝑥 3 𝑃 ℰ

Ex. 3.26

Ex. 3.27

[DMC_decoder_ALL_demo.m]

[Ex. 3.32]
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Summary: MAP vs. ML Decoders
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 Decoder is derived from the 𝐏 matrix
 Select (by circling) the maximum value 

in each column (for each value of 𝑦) in 
the 𝐏 matrix.

 The corresponding 𝑥 value is the value 
of 𝑥 𝑦 .
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   MLˆ arg max
x

x y Q y x

 Decoder is derived from the 𝐐 matrix
 Select (by circling) the maximum value 

in each column (for each value of 𝑦) in 
the 𝐐 matrix.

 The corresponding 𝑥 value is the value 
of 𝑥 𝑦 .

 Once the decoder (the decoding table) is derived 𝑃  and 𝑃  are calculated by 
adding the corresponding probabilities in the 𝐏 matrix.

Optimal at least when 𝑝 𝑥 is 
uniform (the channel inputs are 
equally likely)

a posteriori probability

likelihood funtion

Can be derived without knowing the 
channel input probabilities.

prior probability



Example: MAP Decoder [Ex. 3.41]
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MAP Decoder: Two Approaches
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a posteriori probability

prior probability

1) Decoder is derived from the 
matrix

2) Select (by circling) the maximum 
value in each column (for each 
value of ) in the matrix.

3) The corresponding value is the 
value of .

[3.40][3.37-3.39]



Example: ML Decoder [Ex. 3.47]
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 ( ) 0.10 0.( 32 0.06) 1 1 0.52PP       

 ( ) 0.10 0.( 32 0.24) 1 1 0.34PP       
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[Agree with the complete table in Ex. 3.32]



MAP Decoder
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%% MAP Decoder
P = diag(p_X)*Q; % Weight the channel transition probability by the 

% corresponding prior probability.
[V I] = max(P); % For I, the default MATLAB behavior is that when there are 

% multiple max, the index of the first one is returned.
Decoder_Table = S_X(I) % The decoded values corresponding to the received Y

%% Decode according to the decoder table
x_hat = y; % preallocation
for k = 1:length(S_Y)

I = (y==S_Y(k));
x_hat(I) = Decoder_Table(k);

end

PE_sim = 1-sum(x==x_hat)/n % Error probability from the simulation

%% Calculation of the theoretical error probability
PC = 0;
for k = 1:length(S_X)

I = (Decoder_Table == S_X(k));
Q_row = Q(k,:); 
PC = PC+ p_X(k)*sum(Q_row(I));

end
PE_theretical = 1-PC

[DMC_decoder_MAP_demo.m]



ML Decoder
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%% ML Decoder
[V I] = max(Q); % For I, the default MATLAB behavior is that when there are 

% multiple max, the index of the first one is returned.
Decoder_Table = S_X(I) % The decoded values corresponding to the received Y

%% Decode according to the decoder table
x_hat = y; % preallocation
for k = 1:length(S_Y)

I = (y==S_Y(k));
x_hat(I) = Decoder_Table(k);

end

PE_sim = 1-sum(x==x_hat)/n % Error probability from the simulation

%% Calculation of the theoretical error probability
PC = 0;
for k = 1:length(S_X)

I = (Decoder_Table == S_X(k));
Q_row = Q(k,:); 
PC = PC+ p_X(k)*sum(Q_row(I));

end
PE_theretical = 1-PC

[DMC_decoder_ML_demo.m]



Different Decoders
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𝑦 𝑥naïve 𝑦 𝑥DIY 𝑦 𝑥MAP 𝑦 𝑥ML 𝑦

1 1 1 1 0

2 2 1 1 1

3 3 0 1 0

For naïve decoder, 𝑥naïve 𝑦 𝑦. Therefore, we can 
simply copy the values in the 𝑦-column into its 
decoding table. For DIY decoder, the decoding table is provided. 

(Alternatively, some equation may be given; in which 
case, we can simply plug-in each of the possible 𝑦
values to get 𝑥DIY 𝑦 .)

Deriving the MAP and ML 
decoder follows almost the 
same recipe: select the max 
value in each column and read 
the corresponding 𝑥-value. 
The difference is that the MAP 
decoder uses the Pmatrix but 
the ML decoder uses the Q

matrix.
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Finding 

84

 Once a decoder 𝑥 𝑦 is defined, we can find its corresponding 𝑃 
easily from the P matrix:
 Write 𝑥 𝑦 values on top of the 𝑦 values for the 𝐏 matrix.
 For each column 𝑦 in the 𝐏 matrix, circle the element whose 

corresponding 𝑥 value is the same as 𝑥 𝑦 .

 𝑃  the sum of the 
circled probabilities. 

 𝑃  1 𝑃  .

𝑦 𝑥naïve 𝑦 𝑥DIY 𝑦 𝑥MAP 𝑦 𝑥ML 𝑦

1 1 1 1 0

2 2 1 1 1

3 3 0 1 0

𝑃  0.76 0.38 0.20 0.52
[Ex. 3.25] [Ex. 3.27] [Ex. 3.35] [Ex. 3.46]
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